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Abstract

In this work we study the smooth and Gevrey hypoellipticity for systems of n real-analytic, complex
vector fields in n + 1 variables. Our results are stated in terms of the properties of a first integral of the
system. In particular, we give a partial answer to a conjecture stated by F. Treves in 1981.
© 2023 Published by Elsevier Inc.

MSC: primary 35F05

Keywords: Systems of complex vector fields; Smooth and Gevrey hypoellipticity; Corank one hypocomplex structures

1. Introduction

In 1981, Frangois Treves stated a conjecture for the validity of the smooth hypoellipticity for
certain systems defined by complex, real-analytic vector fields. More precisely, given n (n >
1) linearly independent, real-analytic, pairwise commuting vector fields L;, defined in an open
neighborhood of the origin in R”*!, the overdetermined system L ju = f would be hypoelliptic
in a neighborhood of the origin if and only if any first integral Z of the system, that is, any
smooth solution to the homogeneous system LZ = 0, with dZ 5 0, is everywhere open. With
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the exception of the case when the system is in the so called tube form, for which Maire [6] has
proved the validity of the conjecture, the general case is still open.

We must point out that the case n = 1 is completely known. In this case it is well known that a
nonvanishing, real analytic complex vector field in the plane is smooth (and analytic) hypoelliptic
if and only if it satisfies conditions (P) and (Q) (cf. Treves [10], Theorem 24.7.2), properties that
can be proved to be equivalent to the openness of any first integral.

In this work we assume n > 2 and show that the conjecture of Treves holds if we impose
an additional condition on the first integral Z (cf. Definition 2.2 below). Indeed we show more:
Gevrey hypoellipticity, and even hypoellipticity for a large class of Denjoy-Carleman sequences
also hold (cf Theorems 2.3, 2.4 and 7.1 below). The Gevrey hypoellipticity for systems in tube
form has already been established in [3].

Our proofs make use of the operators with complex phase introduced in Treves [8], but with
an important improvement: the use of almost holomorphic extensions. Although this would not
be crucial in the smooth or Gevrey cases, this approach allows us to obtain the result for more
general Denjoy-Carleman sequences, since it avoids the use of more precise cut off functions
(notice that we are including here some quasi-analytic classes). The existence of such precise
almost holomorphic extensions is due to A. Victor da Silva in a work in collaboration with the
first author [1].

Finally we point out the progress that has been made in the study of the subellipticity for such
class of systems, also in the tube form [4], [5].

2. Preliminaries - statement of the results

We shall consider a corank one, real-analytic, locally integrable structure defined in an open
neighborhood €2 of the origin in R™*! that is, a real-analytic line subbundle T' C C ® T*Q2
which is (locally) generated by the differential of a complex valued real-analytic function. A
(classical) solution for T' is a C! function defined in an open subset of €2 whose differential is a
section of T'. Real-analytic solutions with non vanishing differentials will be referred to as first
integrals of T’. We can extend the notion of solution to distributions: a distribution solution in
some open subset U of Q is a distribution on U which is locally annihilated by any section of
the orthogonal bundle of T’.

It is well known that to the structure T” we can associate a differential complex, whose first
term is given by the composition

dy: C®(Q) —> C® (2 CRT*Q) — CF(Q; (CRT*Q)/T),

where the first arrow denotes the exterior derivative, and the second stands for the map induced
by the projection. In particular, a solution for T’ is simply a solution of the homogeneous equation

dyu =0. (1

Our goal will be to study the smooth and Gevrey regularity (hypoellipticity) for the solutions of
the non homogeneous equation

ou = f. )
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In order to state our results we must introduce some definitions. We recall that T’ is hypocomplex
in Q if every point p € Q satisfies the following property: given any distribution solution u for T’
defined in a neighborhood of p and given any first integral Z of T' near p there is a holomorphic
function h defined in an open neighborhood of Z(p) in the complex plane such that u =h o Z.
In particular, every distribution solution for T’ is indeed real-analytic.

Hypocomplex structures of corank one are completely characterized by the following result
due to F. Treves [9], Corollary 3.5.3:

Proposition 2.1. The corank one structure T' as above is hypocomplex in Q if given any point p
there is a first integral Z defined near p which is open at p.

Our next definition is a bit more technical:

Definition 2.2. We say that T’ satisfies Condition (N) (at the origin) if there is a first integral
Z defined in some open neighborhood Q' C € of the origin satisfying d(Re Z)(0) # 0 and, for
some constant C > 0,

|[dIm Z)| < C|dZ AdZ| in €. 3)

Remark. Here the pointwise norms are taken relative to any trivialization of the bundle C ®
T*Q'. Changes of variables result in uniformly equivalent pointwise norms. Thus condition (N)
is, indeed, an invariant condition.

Recall that the zero set of dZ A dZ is precisely the base projection ¥ of the characteristic set
of T’, that is, the base projection of the set T' N T*, and hence if T’ is elliptic then it satisfies
condition (N). In particular condition (3) implies that d(Im Z) must vanish on X. Conversely, if
d(Im Z) vanishes on X then we obtain, via Lojasiewicz inequality, a weaker version of (3), in
which the left hand side is raised to some possible large power; condition (N) means that such
power can be taken equal to one.

We are now ready to state the results that will be proved in the next sections:

Theorem 2.3. Let T define a real-analytic, corank one locally integrable structure on an open
neighborhood Q of the origin in R"T1. If T' is hypocomplex in Q and satisfies condition (N)
then given U C 2, an open neighborhood of the origin, there is another such neighborhood
V C U for which the following is true: if u is a distribution in U which satisfies (2) and if
feC®U; (CQT*)/T) then u is smooth on V.

Theorem 2.4. Let T' define a real-analytic, corank one locally integrable structure on an open
neighborhood Q2 of the origin in R"*1. If T is hypocomplex in Q and satisfies condition (N) then
given U C Q, an open neighborhood of the origin, there is another such neighborhood V. C U
for which the following is true: if u is a distribution solution of (2) in U and if the coefficients of
f are Gevrey functions of order s (s > 1, fixed) in U then u is Gevrey of order s on V.

We remark that Theorem 2.4 is valid when s = 1 without assuming property (N). This follows
from the fact that under the assumption of hypocomplexity, as already mentioned, every solution
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of (1) is real-analytic and, by the Cauchy-Kowalevsky Theorem, equation (2) has local real-
analytic solutions if f has analytic coefficients. Thus, in what follows, we shall restrict to the
case s > 1.
3. Local coordinates and generators

Let the first integral Z satisfy the properties in condition (N). There is no loss of generality
assuming that Z(0) = 0. We take Re Z as a coordinate x and complete it to a coordinate system
(x,t1,..., ;) in a neighborhood of the origin. More precisely, we shall assume that U =1 x B,
where I (resp. B) is an open interval in R (resp. open ball), both centered at the respective

origins. Here we assume U C £, where the latter was introduced in the definition of condition
(N). We then write, for (x,t) € I X B,

Zx,t)=x+ip(x,1),

where the function ¢ is real-valued, real-analytic and satisfies ¢ (0, 0) = 0. Hypocomplexity now
reads

Vx e I,themap B>+ ¢(x,t)is openin B. “)
Next we have d(Im Z) = d¢ and dZ A dZ = —2idx A d¢ = —2idx A d;¢ in U and thus
|d(Im Z)| 2= || + |dip],  [dZ A dZ| = |dsp].
Consequently, (3) is equivalent to
x| = Cildipl, (x,0) €U. &)

After contracting U around the origin, by the Lojasiewicz inequality (see [2]) there are 1/2 <
6 <1 and C3 > 0 such that

p(x. 0" < Caldp(x, 0| (x,1) €U,
and consequently, by (5), we obtain, for a new constant A > 0,

lp(x. 0" < Aldip(x,0)|,  (x.1) € U. (6)
In what follows we shall restrict ourselves to the non elliptic case, and then we assume 1/2 <

6 <1.
We now introduce the vector fields

9
M= (1 +i¢x(x,t))*1£ (7

and

3 9¢

i=——i—M, j=1,...,n. 8
J al‘j latj J " ®)
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It is easily seen that M, L, ..., L, span (C ® TIR”“)lU and are pairwise commuting; indeed,
{M,Ly,...,L,} is the dual basis of {dZ, dtq, ..., dt,}. Moreover, the one forms dz{, ..., dt, span
{((C ® T*Q)/T’} |y and, since for a C!-function v we have

n
dv=Mv)dZ + ) (Ljv)d;,
j=1
it follows that
n
dov =) (Ljv)dt;. )
j=1

Summing up, we have reduced our regularity problem to the study of the system of first order
PDE

Liu=f;, j=1,...,n,
where the real-analytic function ¢ : U — R satisfies (4) and (6).

We recall that we are denoting by X the projection over the base of the characteristic set of
T’. It can be described, in U, as

Y= {(xv l) eU: dl¢(x1 t) = 0}1
and hypocomplexity implies that
={reB:di¢(x,1) =0},
is a proper real-analytic set of Bif x € I.
Proposition 3.1. Assume that the real-valued, real-analytic map ¢ satisfies (4) and (6) and let
I CR, B CR" have the meaning as above. Then there are two families of continuous, piecewise
real-analytic curves yxi’, . [0, 83E (x,t)] — B, wherex € I,t € B\ X, such that yxiJ (S(jf (x,1)) €
d B, satisfying the following properties:
(1) Forevery By @ B open ball centered at the origin there exist 8% > 0 such that S(j)t (x,1) > 8%,
foreveryx el,andt € By \ Xy,

(2) The length of the curves yxjf, is uniformly bounded for every x € I, and t € B\ Xy,
() Ifxel, te B\ Xy and 0 <1 <57 (x,1), then

P, ) —p(x,y (1) = 5 ((1—9)(8A) et

4) IfxGI,teBl\EXandOfrgSo_(x,t),then

By ()~ 60 = 31 = 0)EA) ) e
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The proof of this result follows from a standard argument due originally to Maire [6] and
which was also presented in [3]. We leave the details to the interested reader.

4. Study of some integral operators

Since we are assuming that T’ is not elliptic at the origin, condition (N) implies that ¢, (0, 0) =
0 and hence, after contracting U around the origin if necessary, we can assume that

1
sup |px(x, 1) < . (10)
(x,n)eU 4

Let x € C2°(I) and u € C' (U). For every & > 0 set

1 . B Y
e (x, 1) = 5— / / u(y, 1) x (et EEN=20=¢ 7 (y r)dyde.
R [/

Thanks to (10) it is well known that u; — xu, when ¢ — 07, in the C'-topology.

We decompose u, = u] + u, , where in the first (resp. second) term the &-integral is per-
formed over [0, oo (resp. ] — 0o, 0]). We shall deal with the first term, the analysis of the other
term being analogous.

Thus, let us write

1

uj(x,t): o

o

. _ . _ 2
/ / IS PED=Z0 M =EE y (yyu(y, 1) Zy (v, )dydE,
0 I

for every (x,t) € U. For k € Z we have

o0
1 . . _ g2
Mhaf () = 5 / / (£) D205 ) (\u(y. 1) Z, (. 1)dydE.
0 7

Now let x € I and f € By \ X, be fixed and, for simplicity, we let y denote y;f,. We note that

o0
1 . i _ o2
ds{g / (i§)k S Fn=20m)=e x(y)u(y,s)zy@,s)dyds}:

0 I

LS8 [

. ; _ g2
ZEZ{K / / (if)te/SF N =20 =ek x(y)u(y,s)zy(y,s>dyds}dsj
=

N

—

*) 1
PN
j=1

. 1 _ o2
/ (i&)keS(ZD=2(y.5)=e8 L,-[x<y)u<y,s>]zy(y,s)dyds}dsj
1
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_% {//(l-g)keiS(Z(x,t)—Z(y,s))—852[Lju(y,s)]x(y)Zy(y,S)dydE}dsj
=170 1

% {//(lg)k 220D~ Ly ()]uly, ) Zy (v, s)dydg}dsb
=170 71

where (k) follows from standard commutation formulas (cf. [9], Chapter IX). Thus we have
the following identity, valid for x € I and f € By \ Z,:

Mkuj(x,t) =

00
1 . iE. 7y _ 2
= E//(ls)kels (Z(x,0)=Z(y,t:))—¢l&] XOu(y. £) Zy (. t)dyds +
(U

Zufy (6.0

_ %/stj{ //(l-s)keié-(Z(x,t)—Z(y,s))—s\E\2 [Lju(y, S)]x(y)Zy(y, s)dydf}
y J=1 07

iuzk‘g(x,t)

1

_ 2_/ j{ //(l-%.)keié-(Z(x,t)—Z(y,s))—s\E|2 [Lj)((y)]u(y,s)zy(y, s)dydf} )
0 I

-
:”3,k,s(x'l)

We can estimate uf‘ ©e (X, 1) and uj}' e (X, 1) without further assumptions on u. Indeed, let us
take and open interval J CC I also centered at the origin, and assume that x satisfies 0 < xy <1,
x =1 on J. We notice that

Z(x,0) = Z(y,5) =x —y+i(o(x,1) — ¢(y,s))
=i(p(x.1) —p(x, ) +i(px.5) —(y.5) + (x —y)
=i(p(x, 1) —p(x,9)) + (@x —N[L+igi(x,y,5)],

where ¢1(x, y,s) = fol ¢x(y+o(x —y),s)do. In view of (10), we have that |¢;| < 1/4. On each
integral that defines (I) and (II) we shall perform the following change in the &-integration:

i(x—y)
E>C = $+5|x 0

§.

Then the real part of the exponents becomes
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Re {ig[Z(x, 0= 2@y, - 5;2} — _Im {g[Z(x, 1 — Z(y, s)]} — ¢Rel? (11)
=5, 1) —P(x,5) —E(x —y)p1(x,y,5)
e ylE — g
— _|x - _ =
3 y

< ——((1 —0)8A) )T TE — —s - —|x _—s

where we used that s = y (), for some 0 < t < §g, and that & > 0. Hence in (I) we obtain

1

Re [ii[Z(x,t) - Z(y.s)] - 8{2} ((1 —0)(84)~ )% 87 = —ck,

where ¢ > 0, and so we can estimate
o0
|uy o (x,1)] < Const- / —ct ( ) ds <C* 'k, xel teBy\ =, (12)
0

for some constant C > 0. On the second integral we notice that suppL;x C I \ I’, for j =
1,...,n. Hence we restrict x to the interval J/2, we have that if y € suppL;x then |x — y| >
d > 0, therefore we can estimate it by

(0.¢]
3 k
|uZ o (x, )| < Const-length (yxf,)./e*df/“ (5.;:) <CM'k1, xeJj2, teBi\Zy, (13)
0
for some positive constant C > 0, where in the last inequality we have used a uniform bound for
the lengths of y;,',. Summing up we have proved:
Proposition 4.1. For each k we can estimate
IME (0] < lud, (e )|+ CH Y, xed)/2, te By,
5 2,k,e
where C is independent of k and ¢ > 0.

Indeed, X, being a proper analytic set in Bj it has Lebesgue measure equal to zero.
Proposition 4.1 is the starting point for the proofs of Theorems 2.3 and 2.4.

5. Proof of Theorem 2.3

We shall first prove Theorem 2.3. Of course, we can take the neighborhood U of the form
U = I x B as before, satisfying all the properties that led to the proof of Proposition 4.1. We shall
first prove Theorem 2.3 assuming that u € CY(U). We assume that fi=LjueC®U),for j=
1, ..., n, and estimate the term u;"k’a(x, t). It is well known that we can find F; € C*°(C x By),
j=1,...,n, solving the approximate Cauchy problems
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F{(Z(x,t),t)=fj(x,t); xelJ, te€B,
|0, F))(Z(t, x) +iv, )| < Cx|v|F, l<p, keZy.
We have
ur ke(x,t) =
1 " L o g2
=5 / stj{ // (&)= 20 e x(y)L,u(y,s)dZ(y,s)ds}:
y J=1 RxR,

1 - .
= Z/st]{ //(l'%-)kelg(Z(X,l)—Z(y,S))—SézFj(Z(y,S),S)dZ(y’s)dg}
y J=1 Ry J

1 S ; i — y — .
+Z/stf{ / /(lg)kelf(Z(x,t) Z(y,s))—&& fx(y)Lju(y,s)dZ(y’s)dé}'
y 7=t R

Notice that foreach x € J,t € B;\ X, and s € y all fixed, the y-integration is indeed the integral

of a one form in z over {Z(y, s) : s € J}. Using the extension of f; to the z-space and performing
the change in the £-integral via

we have the right to apply Stokes’ Theorem in the following way:

up fe(x,t) =

1 “ , L
= E/stj{ //(ig)kezE(Z(x,t)fz(y,s)*m)*eé;'zFj(Z(y,s) +iO',S)dZ(y,s)d§}
y I R, 7

Jj=1
! S 2 0
N H—z2)— _
_Z/stj / / (i€) piE(Z(x.n—2)—c& a_ZFj(z,s)dz/\dzdg}

y J=1 R, Z(J.5)+i[0,0]

+E/stf / / (ié)ke’f‘z<x~’>‘z)—f¥2F,-(z,s)dzdg}

R4 0Z(J,5)+i[0,0]

1 . :
+g/2dsl //(l'&-)keléf(Z(x,t)—Z(y,S))—é‘EzX(y)Lju(y,S)dZ(y,S)dE}

y J=1 Ry I\J
1 " ) . 5
:2_/st/.{/ / (i;)kelé'(Z(x,l)*Z(y,S)*lU)*&f Fj(Z(y,S)+id,s)d§dZ(y,s)}
T ;
y J=1 J ¢Ry)
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1 " ' 5
_E/stj / / (ig)kelC(Z(x‘l)Z)scza_sz(Z,S)dde/\dz}
y =1 Z(J,9)+i[0,01c(Ry)

+ L/stj / / (ié-)keié’(Z(x‘l)*Z)*sfzFj(z’ S)dCdZ}

0Z(J,9)+i[0,0]1 ¢ (Ry)

1 .
n _/stj / / (ié.)kezi(Z(x,t)Z(y,S))€§2X(y)Lju(y,s)d§dZ(y,S)}
' N cRy)

Here o > 0 is sufficiently small. In view of (11),if 0 <X <o and s = y(7) then

1 1

. . 1 T S 3 ,
Re{lé“-(Z(x,t)—Z(y,t)—l?»)—SC'C}S—E((l—9)(8A) )! "f‘—"S—ZE
1
— gy —Ag

In the first, third and fourth integrals we use that the exponentials are bounded by e~7¢, e §¢
and e_%é, respectively, if x € J/2. Thus using the same argument as before one can estimate
the absolute value of the first, third and fourth integrals by C*¥*1k!, for some positive constant C
(when x € J/2, t € B>\ £,). Now in the second integral we use the estimate of |3 F ;| to obtain

. a
/ (l.g)kel;(z@‘z)—z)fem?Fj(z,s)dgdZAdz <
Z
Z(I,9)+i[0,0]¢(R+)

o 400

< Const.Ck / / ghe™ )1 ggdn.

0 0

Taking account of Proposition 4.1 and this last inequality, and remembering again that X, is
a proper analytic subset of By, we conclude that all derivatives M¥ u; are bounded in J/2 x B
by constants which are independent of ¢ > 0. If we repeat the argument for u;" substituted by
u; , we now conclude that all derivatives M¥u, are bounded in J/2 x By by constants which are
independent of & > 0. On the other hand, if « € Z" , @« # 0, and if k € Z then

(MA% ) (x, 1) = % / / (VL Tuly, ) x ()] EAED=Z0=¢P 7 (1) dyde
R I

are bounded in J/2 x By, by constants which do not depend on €. Here we have written L% =
L‘f‘ ... La" (of course the integrals which contain the terms (L x)u occur outside J and hence
can be treated as before).

Summing up, the family {u,}.~¢ is bounded in the Montel space C°°((J/2) x By) and hence,
for some sequence & \( 0, {u; } converges in C>®((J/2) x By). Since uy — u in C'(J x B) we
reach the conclusion that u € C*°((J/2) x By). This concludes the proof when we assume that
ueCl(U).
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We have now to prove the case when u € D'(U). We first take U; CC U an open set contain-
ing the origin and such that the second order operator

P=L{+. . +L2+M

is elliptic in a neighborhood of the closure of Uj. This is indeed possible for P coincides with
the Laplace operator at the origin. The main feature of P is that it commutes with all vector fields
L;, and hence with the operator d,, which in our set up is identified to the operator

Lu=Y Ljudt
j=I

(P acts on forms by acting coefficientwise).
Since the restriction of u to Uj is a distribution of finite order, we can find m € N and v €
CY(Uy) such that P"v = u in U;. Now

Lu=LP"v=P"Lv.

Since P is hypoelliptic it follows that Lv is smooth and then, by what we have already proved,
v (and hence u) is smooth in some neighborhood Uy C U; of the origin (which can be taken
independent of u).

The proof of Theorem 2.3 is now complete.

6. Proof of Theorem 2.4

The proof of Theorem 2.4 follows the same lines of that of Theorem 2.3. From Proposition 4.1
and the decomposition of the term u; ¢(x, t), we just have to estimate the family

1 (¢ : d
+ - sk iE(Z(x,1)—2)—eL- =
15 (x,l)—g/zdsj{ / / (l{) el{( (x,1)—2) EC{a—ZF](Z,S)dé'dZ/\dZ}
v =L zus+il00T Ry
For this, we now take into account the fact that f; =L;ju € G*(U), j=1,...,n, and then

solve the approximate Cauchy problems (cf. [1], Theorem 4.1),

Fi(Z(x,1),t) = fj(x,1); xelJ, teB,
(0. F))(Z(t,x) +iv, 1) < CKFEkI=Tyk, vl <p, keZy,

with F; e C*(C x By), j=1,...,n.
Thus

o +00

3 k
|1j(x,t)|5Const.c’<+2(k+1)!s*‘// (f) e Mk 1geda
0

(=}

o +00

3\ k
< Const - Ck+? <§) (k + 1)!3_1/ / pke Pdpda
0 0
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< Citlge,

This property, together with the fact that LYM¥y satisfy the Gevrey estimates of order s if o #
0 (recall that Ly, ..., L,, M are real analytic and span C ® T'U), show that u € G*((J/2) x By).

7. An extension of Theorem 2.4

The advantage of using an almost analytic extension is that there is no need to estimate the
derivatives of the cut-off function yx, and so our approach can be applied to the regular Denjoy-
Carleman set up (regular in the sense of Dyn’kin, see [7] and [1]). More precisely, a sequence
of non-negative numbers M = (My)cN 18 regular if, after defining my = My / k!, the following
properties hold:

mo=m; =1;

m? <mp—y -mygr, k> 1;
supy (Mmy41/my) < oo;

. 1/k

limgm;'" = oo.

In the statement below we shall denote by C M(U) the space of all smooth functions on U for
which, given any compact set K of U, there is a constant C > 0 such that

sup [(32 9% u)| < Cl Mg ik, w€Z, keZy.
K

As in the proof of Theorem 2.4, we obtain an equivalent definition substituting L¥M* for 3% 3*.
Notice also that C*(U) is contained in CM(U).

Theorem 7.1. Let T define a real-analytic, corank one locally integrable structure on an open
neighborhood Q of the origin in R"V. If T is hypocomplex in Q and if it satisfies condition
(N) then given U C 2, an open neighborhood of the origin, there is another such neighborhood
V C U for which the following is true: if u is a distribution solution of (2) in U and if the
coefficients of f belong to CM(U) then u € CM(V). Here M denotes any regular Denjoy-
Carleman sequence.

The proof of this result is identical with that of Theorem 2.4, where now the approximate
Cauchy problems that must be solved are

Fi(Z(x,1),1t) = fj(x,1); xelJ, teB,
|3, Fj)(Z(t, x) +iv, )| < CKlmyv|¥, vl <p, kelZy.

According to ([1], Theorem 4.1) these problems have solutions F; € cl(C x By), j=
1,...,n, which is enough for the argument to work.
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